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Abstract—We focus on analysis of dominance, power,
influence—that by definition asymmetric—between pairs of indi-
viduals in social networks. We conduct dominance analysis based
on the canonical analysis of asymmetry that decomposes a square
asymmetric matrix into two parts, a symmetric one and a skew-
symmetric one, and then applies the singular value decomposition
(SVD) on the skew-symmetric part. Each individual node can be
projected as one 2-dimensional point based on its row values
at each pair of successive singular vectors. The asymmetric
relationship between two individuals can then be captured by
areas of triangles formed from the two points and the origin
in each 2-dimensional space. We quantify node dominance
(submissive) score based on the relative position of the node’s
coordinate from coordinates of all other nodes it dominates
(subdues) in the projected singular vector spaces. We conduc-
t dominance/submissiveness analysis for several representative
networks including perfect linear orderings, networks with tree
structure, and networks with random graphs and examine the
departures of a real social network from those representative
graphs. Empirical evaluations demonstrate the effectiveness of
the proposed approach.

Index Terms—Dominance, Analysis of asymmetry, SVD, Social
network.

I. INTRODUCTION

Social networks have received much attention these days.

Social network data can be described as graphs that contain

records of social connections between pairs of individuals. So-

cial connections could be reciprocal—like mutual friendship or

mutual enmity—or asymmetric like following relationship or

retweet action in Twitter. Accordingly, we can use symmetric

(asymmetric) square matrices to describe undirected (directed)

social networks [1].

For undirected networks, researches have developed various

measures to indicate the structure and characteristics of the

network from different perspectives. Various properties includ-

ing its size, density, power-law degree distributions, average

distance, small-world phenomenon, clustering coefficient, ran-

domness, community structures etc. have been discovered [1]–

[4]. For directed networks, researchers have also developed

methods to discover underlying community structure, authority

ranks of individual nodes, and directions of information flow

among clusters [5]–[12].

We focus on asymmetric connections in this paper. Asym-

metric connections are widely observed from network data

sets in biology, sociology, and computer science. For example,

hyperlink in Web pages, retweet data from Twitter, email data

from a company’s internal mail system, import and export

data from global trade network, and flow of employees across

departments can all be treated as directed graphs representing

direct links or connectivity of individuals.

In directed social networks, each individual node tends to

contain some amount of dominance and some amount of

submissiveness. Consider an organizational network where

each node denotes an individual and an edge between two

nodes denotes a reporting-to relation between two individuals,

the hierarchical level of an individual is determined by two

scores: dominance score in terms of both how many others he

dominates and who those others are, and submissiveness score

in terms of both how may others dominate him and who those

others are. The amount of dominance versus submissiveness

at the node level can clearly affect various properties of a

social network. Although dominance/submissiveness relation-

ships play an important role in understanding the geometry and

topology of social networks, very few studies have formally

investigated this issue.

In this paper, we first develop measures of dominance

and submissiveness for each node. Our measures are derived

from the canonical analysis of asymmetry originally developed

in [13]. The analysis of asymmetry approach decomposes a

square asymmetric matrix X into two parts, a symmetric one,
1
2 (X+XT ), and a skew-symmetric one, 1

2 (X−XT ), and then

applies the singular value decomposition (SVD) on the skew-

symmetric part. After the SVD, each individual node can be

projected as one 2-dimensional point based on its row values

at each pair of successive singular vectors. The asymmetric

relationship between two individuals can then be captured

by areas of triangles formed from the two points and the

origin in each 2-dimensional space. In our paper, we quantify

node dominance (submissiveness) score based on the relative

position of the node’s coordinate from coordinates of all other

nodes it dominates (subdues) in the projected singular vector

spaces. The position of each individual is determined in terms

of both of how many others it dominates and how important

those others are. Each individual’s position is determined by

taking the total pattern into account. We define the authority

score of a node by subtracting its submissiveness score from

its dominance score. We compare our proposed authority score

measure with some traditional measures such as PageRank.
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We examine the use of the canonical analysis of asymmetry

for several representative types of networks including perfect

linear orderings, networks with tree structure, and networks

with random graphs. It was well known that the projected

points form a perfect arc around the origin for a network with

a linear order among all individual nodes [13]. However, there

is no study of the distribution of dominance/submissiveness

scores of other representative graphs. For a given social

network, it may lie between the network with perfect linear

orderings, network with tree structure, and random graph.

To determine whether a general social network is similar to

one representative graph, we propose the use of Kolmogorov-

Smirnov test. We also develop relative dominance (submissive-

ness) measures to quantify its departure from the representative

graph. Empirical evaluations over a global goods and products

trade dataset show the effectiveness of our approach.

II. PRELIMINARIES

A. SVD of Skew Symmetric Matrix

For a directed weighted graph with n nodes and m edges, its

adjacency matrix X is an n×n asymmetric matrix. According

to [14], the adjacency matrix X can have the following

decomposition: X = Y + Z, where Y = 1
2 (X + XT ) and

Z = 1
2 (X − XT ). The symmetric matrix Y has each entry

yi,j =
1
2 (xi,j +xj,i) that captures the proximity of the pair of

objects i and j. Y can be analyzed by using any method that

handles symmetric adjacency matrix. Therefore, the pattern of

the linkages and degree centralities of nodes can be well stud-

ied just by looking into Y . The matrix Z is a skew-symmetric

matrix, i.e., its negative equals its transpose (ZT = −Z). The

matrix Z has each entry zi,j =
1
2 (xi,j −xj,i) that captures the

asymmetry or the extent to which object i dominates other

j. Therefore, we can use the asymmetry information in the

skew symmetric part Z to study the dominance/submissiveness

relationships for a given network.

Theorem 1: The singular decomposition of a real skew-

symmetric matrix Z has the form Z = UΣJUT , where U
is orthogonal, Σ is non-negative matrix of singular values

arranged in non-increasing order along the diagonal and the

singular values occur in equal pairs. Corresponding to each

pair, the matrix J has a 2 × 2 skew-symmetric orthogonal

diagonal block of the form, J =

(

0 1
−1 0

)

.

It is clear that the singular value decomposition of skew

symmetric matrices has the same pre- and post-vectors, apart

from possible changes of sign and permutation. Because of the

balance between positive and negative cell values associated

with skew-symmetry, the first dimension is associated with

exactly the same amount of variance in the original data as is

the second. Actually, every two successive singular values,

σ2k−1 and σ2k, are the same and the corresponding two

successive singular vectors, u2k−1 and u2k, need to be treated

as as units. The successive two-dimensional space formed

by u2k−1 and u2k is termed as the k-th bimension. The

decreasing pairs of singular values impose a natural ordering

on the bimensions in decreasing order of importance.

B. Spectral Projection of Skew Symmetric Matrices

For SVD, we can generally project each node as a coordi-

nate in the space formed by the scaled singular vectors. All

rows of the singular vector matrix scaled by the squared root

of singular values, UΣ1/2, are plotted. In particular, the p-th

row vector of UΣ1/2, (Up1σ
1/2
1 , · · · , Uprσ

1/2
r ), denotes the

spectral coordinate of node p in the spectral space formed by

the first r singular vectors.

For a skew symmetric matrix, each two successive singular

vectors share the same singular value and need to be treated

as a unit for projection. According to the canonical analysis of

asymmetry [13], we need to project nodes to each bimension.

Hence, the projection of node p in the first bimension is

(Up,1σ
1/2
1 , Up,2σ

1/2
2 ), its projection in the second bimension

is (Up,3σ
1/2
3 , Up,4σ

1/2
4 ), and so on.

The spectral coordinates of two nodes then capture the

asymmetry between them. However, the conventional Eu-

clidean distance is no longer appropriate. As suggested by the

work [14], the amount of asymmetry between objects p and

q should be represented by the area of the triangle enclosing

point p, point q, and the origin o. As a matter of fact, we use

the area formed with the objects and the origin to measure the

difference of two objects in a 2-dimensional planar space.

Another key property of SVD is that the ordering relation-

ships of each pair of individuals are preserved in the spectral

projection space. The work [15] demonstrated that SVD can

be used to uncover organizational hierarchies from the skew

symmetric part Z of a total ordering matrix constructed from

the original matrix. Therefore, the spectral space produced by

SVD could capture the dominance relationships for a given

network that has total or partial ordering relationships such as

orders, votes, prestige ranks.

III. DOMINANCE FRAMEWORK

In this work, we assume the edges in the observed graph

X are homogenous and represent the same type of relation-

ship across the entire network. Depending on the problems

being studied, each entry Xi,j could be binary, denoting the

presence/absence of a directed relationship like phone call

from individuals i to j, or weighted, capturing the quantity

of the directed relationship like the number of phone calls

from individuals i to j.

A. Node Dominance/Submissiveness Measures

For any pair of individuals p and q, we propose the use of

asymmetry to quantify the dominance/submissiveness between

nodes p and q. Based on the canonical analysis of asymme-

try [13], the spectral coordinate of each node can be viewed as

projections in a set of bimensions. The number of bimensions

K can be justified by the adequacy of the retained singular

values expressed as a proportion of the sum-of-squares of all

the singular values.

In the k-th bimension, the spectral coordinate of p is

(Up,2k−1σ
1/2
2k−1, Up,2kσ

1/2
2k ). Note that σ2k−1 = σ2k for each

k. We use −→pk (−→qk) to denote the vector from the origin to
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node p’s (q’s) spectral coordinate in the k-th bimension. The

asymmetry between nodes p and q is defined as:

d(p, q) =
1

2

K
∑

k=1

‖−→pk ×−→qk‖ (1)

=
1

2

K
∑

k=1

|Up,2k−1 × Uq,2k − Up,2k × Uq,2k−1| × σ2k−1.

Note that 1
2‖

−→pk × −→qk‖ is the area of the triangle formed by

the spectral coordinates of p, q and the origin in the k-th

bimension. The value of d(p, q) is simply the sum of the

triangle areas in K bimensions.

When studying issues such as power, influence, dominance

in social networks, we need to distinguish between senders

and receivers. In some situations, such as being nominated

as officer by students, or being the targets of advice-seeking

among colleagues, receivers often occupy superior positions

in a network, as opposed to the senders who often take lower

positions. However, in some other situations, the reverse is

true that the senders occupy superior positions, and receivers

less lofty situations. For example, in international trade, the

nations that send large quantity of goods to other countries

are in economically more dominant position than the receiving

nations. Recall in the skew-symmetric matrix, zp,q = 1
2 (xp,q−

xq,p). Hence, zp,q < 0 means the dominance of p over q in

the former scenario whereas zp,q > 0 means the dominance

of p over q in the latter scenario.

In a given network, any node can be viewed as an individual

that resides in some tier of the hierarchy system. Therefore,

by calculating the asymmetry between p and all its dominated

neighbours, we define the dominance score of node p as:

DSp =
∑

q∈Dp

d(p, q), (2)

where Dp contains all nodes q dominated by node p. Similarly,

we define the submissiveness score of node p as:

SSp =
∑

q′∈Sp

d(p, q′), (3)

where Sp contains all nodes q′ dominating node p.

Dominance/submissiveness measures can be used to de-

scribe the position of the organizational hierarchy or the

authority among individuals in a given network. For example,

if an individual has high DSp and low SSp, he would reside

on a relatively high tier of the organizational hierarchy or have

high authority score. We hence define the authority score of

node p as:

Γp = DSp − SSp =
∑

q∈Dp

d(p, q)−
∑

q′∈Sp

d(p, q′). (4)

B. Graph Dominance Analysis

We start our analysis from some representative networks

including graphs with perfect linear orderings, graphs with

tree structure, and random graphs.

Graph with Perfect Linear Ordering. A total linear ordering

is a binary relation that is reflexive, antisymmetric, transitive

and total. For such an ordering, as a simplest example, one

individual p in some sense dominates everyone, then the next

q dominates everyone but p, and so on, until the last individual

is dominated by all the other individuals. Formula 5 shows a

linear order matrix according to the hierarchy of a network

organization. In this example, Xi,j = 1 if node i dominates

node j, otherwise Xi,j = 0. No two individuals have the same

rank in the organizational hierarchy.

X =











0 1 1 · · · 1
0 0 1 · · · 1

0 0 0
. . . 1

0 0 0 · · · 0











. (5)

Figure 1(a) shows the spectral projection for an illustrative

example with 15 nodes following formula 5. According to the

work [13], [14], when the skew-symmetric matrix derived form

a linear dominance matrix is subjected to SVD, the points are

equidistant from one another and they are all arranged on an

arc of a circle that is centered at the origin. That circle has a

radius of 2
√

(σ1/n) where n is the number of points in the

linear order. In particular, the first pair of singular values are

σ1 = σ2 = 1/2tan{ (n−1)π
2n }. When the perfect linear ordering

network structure exists, the projections lie on an arc and

equally divide the half circle. Therefore, each node dominates

the immediate next one by δ = 0.5 ∗ R ∗ |sin(180/n)|,
where R is the radius of the circle that equals to the length

of the vector. We then have DSi =
∑n−1

j=i δ ∗ j. Similarly,

we have SSi =
∑i−1

j=1 δ ∗ (i − j). Hence we have Γi =
∑n−1

j=i δ ∗ j −
∑i−1

j=1 δ ∗ (i− j).
Graph with a Hidden Complete Binary Tree Structure. A

tiered organizational hierarchy can be represented by a tree

with the root node representing the highest authority and the

leaf nodes representing the lowest authority. The dominance

network is constructed as: Xi,j = 1 for all nodes j in the

subtree with node i as its root. Figure 1(b) shows the spectral

projection of the skew symmetric part of a 15-node graph

with a complete binary tree 1 hierarchical structure. From

Figure 1(b), we have the following observations. We can see

all the projections fall on one side of the half circle and

orient sequentially along a curve. As the tier gets lower,

the projections get closer to the origin. The plot accurately

indicates that the network contains four tiers. Node 1 has the

highest degree, thus is the most distant from the origin. It

belongs to the first tier. Nodes 2 and 3 reside on the second

tier. Nodes 4 to 7 are on the third tier. Nodes 8 to 15 form

the fourth tier, thus are the closest to the origin.

Tree Graph. When the observed graph itself has the tree

structure, Figure 1(c) shows its projection. The dominance

direction is counter clockwise in this plot. Node 1 dominates

2 and 3. Since the angle of vectors formed by nodes 2 and 3 is

0, there is not any dominance relationship between them. The

1A binary tree is complete if all levels except possibly the last are
completely full, and the last level has all its nodes to the left side.
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(c) Tree graph
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(d) Random graph

Fig. 1. Spectral projection of the first bimension for 15-node graphs.

next tier of the hierarchy contains nodes 4 to 7 that overlap on

the same spot in the plot. This indicates that those nodes have

the same authority status. Nodes 8 to 15 locate on the bottom

of the hierarchy and have the same authority status, so their

projections overlap as well. Another important observation is

that node 1 and nodes 4 to 7 form 180 degree angles, which

clearly captures the non-dominance relationship between them

in the tree graph. The same is also true for nodes 2 and 3 with

nodes 8 to 15.

Random Graph. Figure 1(d) demonstrates the case for a

random graph. The graph is generated with repeated Bernoulli

sampling of probability 0.467 on a 15 by 15 matrix. The

resulting graph contains the same number of edges as that

with perfect linear ordering. It is clear that the projections do

not follow any pattern and scatter around the origin. However,

it is worth noting that node 14 has the highest in-degree, which

explains its largest distance to the origin.

1) Departure from Representative Graphs: For a graph with

n nodes, we can calculate the authority score of each node

following Equation 4. The network authority information can

be described using the vector
−→
Γ = (Γ1, · · · ,Γn). Figure 2

shows the bar plots of sorted authority scores for the same

examples from Figures 1(a), 1(b), 1(c), and 1(d). The x-axis

for each plot shows the indices of nodes and the y-axis shows

the authority score. As shown in Figure 2(a), the plot of the

linear ordered network resembles the cosine function. This is

because the dominance scores are proportional to the length

of arcs between individuals. The plots from Figure 2(b) and

2(c) suggest that the corresponding graphs contain clear tiered

hierarchies. The plot of authority scores of a random graph just

follows some unknown polynomial, as shown in Figure 2(d).

Distribution of authority scores from a given network can be

compared with those of representative networks such as tree,

linear, or random. Based on comparison, we can determine

whether a given graph has the same organizational structure

of one representative graph. In general, we can conduct tests

with the Pareto Q-Q plot [16] to check whether the authority

scores of a network follows a particular distribution. A Q-Q

plot is used to compare the shapes of distributions, providing

a graphical view of how properties such as location, scale,

and skewness are similar or different in the two distributions.

Moreover, we can calculate the similarity between the ob-

served graph G with a representative graph GB as:

S(G,GB) = (
−→
Γ ·

−→
ΓB)/(‖

−→
Γ ‖ ∗ ‖

−→
ΓB‖). (6)

Our method provides a means of determining the similarity

of two networks in terms of organizational structure (i.e.,

comparing their dominance score distributions) as it is often

difficult to directly construct synthetic graphs that match a real

network with some given organizational structure.

C. Comparison with PageRank and Similar Methods

The PageRank algorithm [17] is also solely based on the

link structure. PageRank interprets a hyperlink from page v
to page u as a vote (or endorsement), by page v for page u.

A page is important if it is pointed (or endorsed) by other

important pages. The PageRank is formally defined as:

R(u) =
1− d

N
+ d

∑

v∈Bu

R(v)

Nv
, (7)

where u represents a Web page, N is the number of pages, Bu

is the set of pages pointing to u, R(u) and R(v) are rank score

of page u and v respectively, Nv is the number of out-links

from v, and d is a damping factor that is usually set to 0.85.

In PageRank, the importance of page u is roughly captured

by the sum of the PageRank scores of all pages that point to

u. Since a page may point to many other pages, its prestige

score should be shared. Hence, in the equation, the rank score

of a page v, is evenly divided among its outgoing links.

PageRank outputs a steady-state probability distribution

vector where each value represents the possibility that a

person would randomly visit the corresponding Web page. In

other words, each value indicates the importance rank of the

corresponding web page.

PageRank method uses random walk modeled in Markov

chain to predict the eigenvector centrality measures. It gives

high scores to inflow sinks and marks them as prestige

individuals. Our dominance/submissiveness metrics based on

skew symmetry measure the asymmetric in/out flow of infor-

mation based on the given network connection. The pair-wise

dominance relations and ordering information are considered,

so individuals will be segregated into tiers. Those two methods

serve different purposes in scoring nodes for a given network.
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Fig. 2. Authority score of each node from 4 representative graphs

Therefore, PageRank weights more globally from the entire

network. while our method weights more on local structures.

It is worth pointing out that many other metrics based on

the link structure have been proposed. For example, HITS [18]

is an dynamic iterative algorithm based on web links. HITS

first expands the list of relevant pages returned by a search

engine and then calculates both hub and authority scores

simultaneously. Simply speaking, an authority is a page with

many in-links, which suggests the page may have authoritative

content on some topic and thus many users trust it and thus

link to it. A hub is a page with many out-links. A page with a

high hub score often serves as an organizer of the information

on a particular topic and points to many good authority pages

on the topic. There are two types of measures, centrality

and prestige, for measuring node importance in directed net-

works. Centrality measures such as degree centrality, closeness

centrality, and betweenness centrality only exploit the out-

links whereas prestige measures such as degree prestige,

proximity prestige and rank prestige only utilize the in-links.

Our approach based on analysis of asymmetry removes those

unnecessary information contained in the symmetric part of the

network and purely uses directional information contained in

the asymmetric part. Hence, it is expected to more accurately

capture the network dominance structure. Furthermore, our

method combines information from multiple bimensions rather

than only the first eigenvector used in PageRank and HITS.

IV. EMPIRICAL EVALUATION

The evaluation is performed on a global goods and products

trade dataset. The trade data was collected from the United

Nations Comtrade Database website and contains trade records

among 233 countries and/or trade entities in 2014. The trade

values were recorded in US dollars for comparison. The reason

for choosing 2014 data is that 2015 data was not complete,

since some countries or trade zones did not report their trade

volume with each country to the database at the time of

collecting the data. There are 20522 trade records globally

after putting the data into matrix X where Xi,j indicates the

amount of goods and products in US dollar that country i
exported to country j in 2014. The density of the resulting

matrix is 0.378.

A. Dominance Structure for Trade Data

The trade network data is converted to a skew-symmetric

form and subjected to SVD. The authority scores are calculat-

ed and sorted to represent countries’s statuses in the hierarchy.

The authority score results are calculated with the top 14

singular vectors accounting for 80 percent of the total variance.

We first examine whether the trade data has a similar

organizational structure of any representative graphs studied

in the paper. We apply the Kolmogorov-Smirnov (K-S) test

[16] for this purpose. The K-S statistic quantifies a distance

between the empirical distribution function of the sample and

the cumulative distribution function of the reference distribu-

tion. The null distribution of this statistic is calculated under

the null hypothesis that the sample is drawn from the reference

distribution. In our experiment, we use the K-S test at 0.05
significance level. Our results reject the hypothesis that the

distribution of the authority scores of the trade data is the

same as those representative networks with tree, graph with

hidden tree structure, total linear ordering, and random graph

(with the same number of edges).
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Fig. 3. (a) Q-Q plot of authority scores of trade data against Cauchy(0.6,
0.32). (b) Estimated empirical probability distribution function of authority
scores.

We further use the Q-Q plot to check whether the authority

scores of the trade data follow a particular distribution. After

several cross validation tests, it is highly likely that the

authority scores follow a Cauchy(0.6, 0.32) distribution, as

shown in Figure 3(a). Recall a point (x, y) on the Q-Q plot

corresponds to one of the quantiles of the second distribution

(y-coordinate) plotted against the same quantile of the first
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distribution (x-coordinate). If the distributions are linearly

related, the points in the Q-Q plot will approximately lie on

a line. As shown in Figure 3(a), the majority of the dots

fall on the close vicinity of the fitted line. The empirical

probability distribution function is estimated as in Figure 3(b).

The bandwidth of the smoothing parameter in the kernel is

0.05. At the first glance, the estimated PDF resembles that of

a normal distribution, but it has very fat tails and high peaks.

B. Authority Ranking

TABLE I
TOP 10 COUNTRIES RANKED BY AUTHORITY METRIC AND PAGERANK

FOR TRADE DATA

Rank Authority PageRank

1 United States United Kingdom

2 India Germany

3 Saudi Arabia Belgium

4 Iran Netherland

5 Russian Federation Switzerland

6 Bangladesh France

7 Iraq Thailand

8 United Arab Emirates United States

9 Vietnam Italy

10 Kenya Sweden

We show the top 10 countries from the authority score and

PageRank score results in Table I for comparison. We see that

our method shows that United Staes is the only country that

significantly dominates the entire network. It simply indicates

that United States is the country that imports a lot more

goods and products from around the globe than all the other

countries. This result further implies that United States has a

very large trade deficit according to the meaning captured by

skew symmetry, since the import amount is much bigger than

its export amount. This is confirmed from the raw data, where

United States has more than 5.5×1011 dollars trade deficit in

the goods and products category. Countries following United

States are India, Saudi Arabia, Iran, and Russian Federation.

These results indicate that those countries contain the markets

that dominate others in driving imports of the global economy.

The PageRank scores on the other hand comprehend the

same network quite differently. The top ranked countries are

those with high degrees due to the nature of PageRank. Many

countries with similar numbers of edge degrees are ranked the

same according to the scores despite that the edges contain

rascally different weights. For example, United States has a

trade volume almost 3 times bigger than that of Belgium,

but they are ranked the same. In reality, it is very anti-

intuitive that those two countries are ranked at the same level.

This observation suggests that PageRank is not an appropriate

method to characterize the dominance relationships in terms

of goods and products import, but such relationships can be

correctly captured by our method.

V. CONCLUSIONS

We have conducted dominance analysis based on the

canonical analysis of asymmetry and developed the node’s

authority score metric which combines its dominance and

submissiveness. We conducted authority analysis for several

representative networks and presented approaches of mea-

suring the departures of a real social network from the

representative ones. We emphasize this is first study of the

distribution of authority scores of representative graphs. We

compare our proposed authority score measure with PageRank

score. Empirical evaluations were conducted on trade data to

demonstrate how our proposed method can be used to study

dominance structures. When certain structure is suspected

to exist for a network, we can study the node authority

score distribution, which can be used to test against our null

hypothesis. When the actual dominance relationship from the

raw data is of interest, our method can correctly capture it as

long as the constructed matrix itself represents a clear meaning

and contains homogenous links.
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