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Abstract: It is often desired to engineer materials that demonstrate a specific response to electromagnetic energy incident on
them in antenna and radiofrequency component design. The design of such engineered materials typically requires numerically
intensive computations to simulate their behavior. Furthermore, to achieve an optimal performance these simulations need to
be run many times until a desired solution is achieved, presenting a major hindrance in arriving at a feasible solution in
a reasonable amount of time. One example of such applications is the design of antireflective (AR) surfaces at millimeter
wave frequencies, which often involves sub-wavelength gratings in a multilayer structure. The numerical modeling of such
designs can be challenging due to wavelength scale features in a large multilayer structure. This paper investigates the use of
field programmable gate arrays (FPGA) as a coprocessor to the CPU in order to expedite the computation time. Preliminary
results show that the FPGA accelerated design can achieved thousands of folds of performance speedup compared with the
corresponding software implementation on an Intel Itanium 2 processor.
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Performance Computing.

1. INTRODUCTION

The design of engineered materials that demonstrate a specific response to incident electromagnetic energy often
requires the use of periodic structures with dimensions much smaller than the wavelength for electrically large
structures (i.e., overall size of many wavelengths). As a result accurate and fast modeling of these large scale
structures with fine features often becomes a major challenge. The challenge is even bigger when these models
have to be run iteratively to identify an optimum solution. Recently, hardware accelerated computing has been
gaining momentum due to its applicability to parallel computing while using a fraction of the power requirements
of the conventional microprocessors and requiring much less cost in comparison to supercomputers.

The objective of this paper is two folds: (i) investigate the use of FPGAs as coprocessors to CPU in electro-
magnetic simulations, (ii) utilize the hardware acceleration in simulating complex devices and optimizing their
performance. These objectives will be achieved in the context of the design of antireflective (AR) surfaces with
sub-wavelength gratings.

A common approach to the design of AR surfaces in optical regimes is to coat the surface with multiple layers of
thin films with specific dielectric properties that result in the desired performance. This approach is not practical at
millimeter wave frequencies as there is limited availability of dielectric materials with the desired material properties.
For this purpose, alternative techniques using gratings in the substrate can be used to simulate the same effect [1].
The gratings in essence modify the effective dielectric property of each layer. As a first order approximation, an
effective permittivity for each layer can be computed using the effective media theory [2]. However, this approach
is suitable for gratings with dimensions much smaller than the incident wavelength. For the case of sub-wavelength
gratings (i.e., resonant regime) considered in this paper, a more precise approach is required as the assumptions of
the effective media theory are no longer valid.

This paper uses the rigorous coupled wave (RCW) algorithm, which employs an eigenmode approach as described
in [3], to model the AR surface created with sub-wavelength gratings. RCW algorithm applies to structures with
periodic gratings. The electric field and the periodic permittivity values inside the structure are expanded into a
Fourier series in spatial harmonics, resulting in a matrix of coupled wave equations. With this approach, the field
inside the medium is expanded in terms of the space harmonics in the periodic structure and phase matched to the
fields outside the grating. The fields can be treated as waveguide modes in the grating region, and the total field is
expressed as a sum of all possible modes.



The remaining part of the paper is organized as follows. The details of the RCW algorithm are provided and its
numerically intensive components are identified in Section 2. Section 3 describes the implementation of the RCW
algorithm on a state-of-the-art reconfigurable computer, SGI Altix RASC RC100 [4]. Particularly, we focus on the
QR eigenvalue algorithm and its hardware implementation on the FPGA. The platform specifics for the hardware
implementation and how the interaction between the CPU and FPGA is managed are also presented in this section.
Thousands of speedup is achieved compared with the corresponding software version written in C running on the
same CPU as the hardware implementation, without the benefit of FPGAs. Finally, the conclusion remarks are
given in Section 4.

2. RIGOROUS COUPLED WAVE (RCW) ALGORITHM

The Rigorous Coupled Wave algorithm applies to diffraction problems from multiple layers with periodic gratings.
It is based on an extension of enhanced transmittance matrix approach of [5] and adopts Lalanne’s improved
eigenvalue formalism [6]. A detailed discussion on the RCW algorithm can be found in these references. We
provide a brief overview in this section in order to describe our motivations for the hardware implementation.

The stacked multiple layer in RCW algorithm can consist of any number of gratings. However, all gratings
must be periodic with the same periodicity along a given direction on the plane. The periodicity results in a
spatially periodic permittivity (and inverse permittivity) within each layer and can be represented as a Fourier series
expansion, as follows.
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where εl,gh and Al,gh are the Fourier coefficients for the lth layer in the stack for the permittivity and inverse
permittivity respectively. The electric field inside the layers can similarly be expressed as a Fourier series in
terms of spatial harmonics. Maxwell’s equations for the layered structure can be written in terms of the tangential
components of the electric and magnetic fields, resulting in a coupled equation set in the following form.[
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where Sl represents the amplitudes of the spatial harmonics of the electric field in the lth layer, with subscripts x
and y denoting the directions of periodicity in the plane of the stack. The parameters B and D in (2b) are matrices
given as B = kxε

−1
l kx − I and D = kyε

−1
l ky − I .

Thus, the coupled wave equation can be solved by finding the eigenvalues of the matrix Ωl, which is a function
of the stack properties. The rank of this matrix is M ×N , where M and N are the number of spatial harmonics
retained along the two dimensions of periodicity in the plane of stacked layers. Ideally an infinite number of them
are needed for an exact solution but truncation with minimal error is possible. Despite this truncation, the rank
can be in the order of magnitude of 400 or more for a typical application of AR surface design. Hence, the most
numerically intensive component of the RCWA algorithm is this eigenvalue computation.

3. HARDWARE IMPLEMENTATION OF THE RCW ALGORITHM

Reconfigurable Computers (RCs) are traditional computers extended with co-processors based on reconfigurable
hardware like FPGAs. These enhanced systems are capable of providing significant performance improvement
for applications in many scientific and engineering domains, such as the electromagnetics [7], [8]. Due to the
limited size of the internal Block RAM memory, multiple SRAM modules are generally connected to the hardware
co-processor for data storage, such as the example shown in Fig. 1(a).
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Fig. 1. Using FPGA device as co-processor in reconfigurable computer (RC)

The implementation of an application on a reconfigurable computer consists of a hardware part and a software
part. The implementation on the hardware part requires the use of either hardware description languages (e.g.,
VHDL, Verilog) or high level languages, such as Impulse-C [9] or Mitrion-C [10], to carry out the design in
hardware. Multiple techniques, e.g., pipelining and SIMD (Single Instruction Multiple Data), can be applied to take
advantage of the hardware acceleration. Since the implementation depends on the available hardware resources on
the FPGA device (e.g., memory, built-in multipliers, slices), it might be necessary at times to distribute the hardware
part into multiple FPGA configurations, each of which is called a bitstream. Once the bitstreams are available, they
can be integrated into the software part, which is executed on the CPU. From the point of view of a software
programmer, a bitstream can be treated as a software subroutine during the integration process in spite of the fact
that the functionality is realized in hardware, as shown in Fig. 1(b). The integration process always involves the
use of vendor APIs (Application Programming Interface).

In the following sub-sections, the numerically intensive part of the RCW algorithm, i.e., the eigenvalue solver,
is described in terms of the mathematical approach used for the implementation. This discussion is followed by
the details of the implementation of the eigenvalue algorithm on the Altix RASC RC100 reconfigurable computer
along with a description of the system specifics and architecture of the platform. Promising results are demonstrated
to prove the efficiency of the hardware implementation compared with the software implementation of the same
algorithm in C. The acceleration in computation time allows for the design and optimization of complex AR surfaces
as numerous iterations can be run rapidly.

A. QR Eigenvalue Algorithm

Given a square matrix A ∈ Cn×n, an eigenvalue λ and its associated eigenvector v are, by definition, a pair
obeying the relation Av = λv. Equivalently, (A−λI)v = 0 (where I is the identity matrix), implying det(A−λI) =
0. This determinant can be expanded into a polynomial in λ, known as the characteristic polynomial of A. One
common method for determining the eigenvalues of a small matrix is by finding the roots of its characteristic
polynomial. However, a general polynomial of order n > 4 cannot be solved by a finite sequence of arithmetic
operations and radicals. Therefore, many numerical iterative algorithms have been proposed [11] to solve the
eigenvalue problem of high-rank square matrices, such as Power Method, Inverse Iteration, Jacobi Method, etc.
Among these, the shifted Hessenberg QR algorithm [12]–[14] is accepted as a practical solution adopted in most
applications to deal with general square matrices.

There are two phases in the practical QR algorithm, as described below.
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Fig. 2. Altix RASC RC100 reconfigurable computer

Algorithm 1: Hessenberg Reduction
Input: A square complex matrix A with rank n
Output: The reduced Hessenberg matrix H
for k=0 to n− 3 do1.1

vk = House(Ak+1:n−1,k); /*Step 1: See Alg. 2*/1.2

Ak+1:n−1,k:n−1 = Ak+1:n−1,k:n−1 − 2vk(v∗kAk+1:n−1,k:n−1); /*Step 2: PkAk+1:n−1,k:n−1, Pk = I − 2vkv∗k*/1.3

A0:n−1,k+1:n−1 = A0:n−1,k+1:n−1 − 2(A0:n−1,k+1:n−1vk)v∗k; /*Step 3: A0:n−1,k+1:n−1Pk*/1.4

In the first phase, the original matrix A is reduced to the upper Hessenberg form H using the Householder
transformation [15]. The second phase involves applying the implicit QR iteration with shifts on the unreduced
Hessenberg matrix H until it converges to a triangular matrix, i.e., the Schur form S. The eigenvalues of a triangular
matrix are listed on the diagonal, i.e., the ⊗s in (3), and the eigenvalue problem is solved once this form is achieved.

B. Implementation on Altix RASC RC100 Reconfigurable Computer

1) Platform: SGI’s Altix RASC RC100 reconfigurable computer is a blade-based heterogeneous supercomputer
in which NUMAlinkTM4 interconnect is used to connect different types of computing blades, as shown in Fig. 2(a).
Each blade itself is a homogeneous node consisting of same type of processors. The Altix 450 at the Catholic
University of America includes two CPU blades and one FPGA blade. The detailed architecture of a RASC RC100
FPGA blade is shown in Fig. 2(b). There are two FPGA devices on one RASC blade. Each FPGA device, Xilinx
Virtex-4LX200, is equipped with 5 banks of SRAM for local data storage. The size of each SRAM bank is 8 MB.
Every bank has separate 64-bit reading and writing ports directly connected to the FPGA device. Besides the local
memory, each FPGA device is capable of communicating with CPU blades through NUMAlinkTM4 interconnect,
achieving a theoretical 3.2 GB/s on both directions.

2) Hardware Implementation of QR Algorithm: The RCW algorithm in the most general sense creates a square
matrix with complex values. Both real and imaginary parts of a matrix entry are represented in double precision
(64-bit) floating-point format. In the hardware implementation of QR eigenvalue algorithm on FPGA device, we
combine the two physical local memory banks into a 128-bit wide logical memory bank so that each memory entry
can store one complete matrix entry. Therefore, the real part and the imaginary part of a complex value can be
accessed simultaneously.

As described in Section 3-A, there are two phases in the QR algorithm. These phases are implemented in two
separate FPGA configurations. The first phase, Hessenberg reduction, is carried out by applying the Householder
reflection for n− 2 iterations (see Alg. 1), where n is the rank of the original matrix A. Each iteration comprises
three steps, as shown in Table I. Each step further includes multiple sub-steps. In our hardware design, Steps 1,
2 and 3 comprise 4, 3 and 3 sub-steps, respectively. All iterations, the steps in each iteration, and the sub-steps



Algorithm 2: House(x)
Input: A complex vector x
Output: The Householder vector v
α = −eiϕ‖x‖; /*ϕ is the argument of x1*/2.1

u = x− αe1 = x+ eiϕ‖x‖e1; /*e1 = [1, 0, ..., 0]T*/2.2

v = u
‖u‖ ;2.3

TABLE I
CALCULATION BREAKDOWN OF ITERATION k IN HESSENBERG REDUCTION

Step Sub-step Calculation Number of clock cycles for computation∗

1

1.1 ‖x‖, ‖x1‖ n− k − 1

3k2 − 9nk + 6n2 − 3n− 2

1.2 x1 r + ‖x‖ cos ϕ, x1 i + ‖x‖ sin ϕ 1
1.3 ‖u‖ n− k − 1
1.4 u/‖u‖ n− k − 1
2.1 m = v∗kAk+1:n−1,k:n−1 (n− k)(n− k − 1)

2 2.2 N = vkm (n− k)(n− k − 1)
2.3 Ak+1:n−1,k:n−1 − 2N (n− k)(n− k − 1)
3.1 m′ = A0:n−1,k+1:n−1vk n(n− k − 1)

3 3.2 N ′ = m′v∗k n(n− k − 1)
3.3 A0:n−1,k+1:n−1 − 2N ′ n(n− k − 1)

∗Ignoring all latencies.

within every step have to be carried out sequentially due to the data dependency among them. The advantage
of hardware implementation comes from the parallel processing within each sub-step. For example, Sub-step 1.1
involves multiplication, addition, accumulation and square root operation to calculate the norm of a vector. If all
the basic operators, e.g., multipliers and adders, are fully pipelined, it will take roughly n− k − 1 clock cycles to
finish this sub-step (if we ignore all potential latencies). By putting everything together, the total number of clock
cycles required to reduce a matrix of rank n to its Hessenberg form can thus be computed as:

n−3∑
k=0

(3k2 − 9nk + 6n2 − 3n− 2) =
5
2
n3 − 9

2
n− 11. (4)

C. Results

The hardware implementation of Hessenberg reduction occupies 55,858 (62%) slices on the target FPGA device
and runs at 100 MHz. The basic operators, i.e., multipliers, adders, subtractor, dividers and square rooters, are
generated using CORE Generator, which is a tool included in the Xilinx ISE package. The rank of the object
matrix is passed to hardware design as a parameter through a register. Before the FPGA starts processing, the
original matrix as well as its rank are transferred from host memory to FPGA local memory. After the processing
is finished, the upper Hessenberg matrix is transferred back to host memory. We tested matrices of different ranks
and collected their corresponding hardware computation times, as listed in Table II. The hardware computation
time consists of both data transportation time and data processing time. It is found that the measured time matches
the estimation using (4) in all cases.

For comparison of acceleration over a pure software based implementation, we coded the Hessenberg reduction
phase in C++ and ran it on a PC with Itanium 2 using a 1.6 GHz microprocessor. The speedup between hardware
and software implementations is listed in Table II. The performance improvement is remarkable and mainly due
to two factors. (i) The hardware implementation is fully pipelined, which means that multiple operations can be
processed concurrently. On the other hand, the CPU has to process these operations in a sequential means. (ii)
FPGA devices are equipped with large amount of directly accessible local memory, e.g., 40 MB on Altix RASC
RC100. The local memory of FPGA devices can be compared to the L1/L2 cache of microprocessors, which are



TABLE II
PERFORMANCE IMPROVEMENT OF HESSENBERG REDUCTION

Matrix Computation Time (s) Speedup Matrix Computation Time (s) Speedup Matrix Computation Time (s) SpeedupRank Hardware∗ Software Rank Hardware∗ Software Rank Hardware∗ Software
20 0.007 0.062 9.4 180 0.161 428.911 2663.3 340 1.019 5476.617 5375.0
40 0.008 1.020 123.4 200 0.217 654.289 3013.0 360 1.206 6964.269 5773.9
60 0.013 5.209 410.2 220 0.285 957.911 3355.5 380 1.415 8696.029 6144.3
80 0.021 16.553 789.6 240 0.367 1358.445 3696.9 400 1.647 10717.100 6505.7

100 0.034 40.516 1184.9 260 0.464 1870.955 4035.2 420 1.904 13055.131 6858.1
120 0.054 84.318 1574.2 280 0.576 2516.849 4371.2 440 2.185 15750.099 7207.7
140 0.080 156.366 1944.8 300 0.705 3318.075 4707.9 460 2.493 18859.268 7563.6
160 0.116 267.548 2309.5 320 0.852 4293.784 5038.9 480 2.829 22393.864 7914.8

∗Including data transportation time and data processing time.

much smaller in terms of capacity. As we can see from Alg. 1, the Hessenberg reduction operation spans on all
the matrix, along both columns and rows. Since the local memory of the FPGA device is quite large, it is able to
accommodate the whole matrix. On the other hand, the Hessenberg reduction operation on the CPU is accompanied
by frequent data swapping among the L1 cache, the L2 cache and the main memory, which contributes a lot of
overhead in the software implementation.

We are currently in the process of implementing the second phase of the QR algorithm, i.e., the double implicit
shift [16]. The main computation in the second phase is the Francis QR Step, which involves a computation similar
to the Hessenberg reduction. Therefore, we expect an equivalent speedup in the hardware implementation of the
second phase.

4. CONCLUSION

Using FPGAs as a coprocessor to CPUS in parallel computing has been demonstrated in the context of an
engineered material design, where the numerically intensive components of the RCW algorithm were implemented
on the FPGA. The improvement of speed was shown to be in the order of thousands proving FPGAs as a very suitable
platform in scientific applications. Electrically large structures with fine details can be modeled and optimized at
the rate of computations achieved, which could have been prohibitive by conventional programming.
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